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This paper deals with a Cauchy problem for the coupled system of nonlinear viscoelastic equations
with damping and source terms. We prove a new finite time blow-up result for compactly supported
initial data with non-positive initial energy as well as positive initial energy by using the modified

energy method and the compact support technique.
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1. Introduction

In this paper, we consider the Cauchy problem of

the following coupled system of nonlinear viscoelastic
equations with damping and source terms:
1
g — A+ / gt — 5)Aux,5)ds + e 2 = fi (u,v),
0
(x,1) € " x (0,00),
t
Vir — Av +/ h(t —s)Av(x,s)ds + \v,\rfzv, = fo(u,v),
0

(x,1) € R" x (0,00),
u(x,0) =up(x), w(x,0)=u;(x),
v(x,0) = vo(x), wi(x,0) =vi(x),

xe R,
xeR, (1)

where m, r > 2, and g,h, ug, u;, vo, and vy are func-
tions to be specified later. This type of problems arises
naturally in the theory of viscoelasticity and describes
the interaction of two scalar fields (see [1,2]). The in-
tegral terms express the fact that the stress at any in-
stant depends not only on the present value but on the
entire past history of strains the material has under-
gone. In [3], the present author and Yu studied prob-
lem (1) for the case m = r = 2 and proved a finite
time blow-up result with vanishing initial energy. In
the present work, we shall extend the result to the case
m, r > 2 and for initial energy which may take positive
values.

The motivation of our work is due to the initial
boundary problem of the scalar equation

1
wa B+ [ (0= AU " =

(x,1) € 2 x (0,09),
u(x,t)=0, x€dQ, t>0,
u(x,0) =up(x), w(x,0)=ui(x), x€Q, 2)
where Q is a bounded domain of R"” (n > 1) with a
smooth boundary 02, p >2,m>2,and g: RT — R*
is a positive non-increasing function. In the paper [4],
Messaoudi showed, under suitable conditions on g, that
solutions with negative initial energy blow up in finite
time if p > m while continue to exist if m > p. This re-
sult has been later pushed by the same author [5] to cer-
tain solutions with positive initial energy. For results of
same nature, we refer the reader to [6—16].

In all above treatments the underlying domain is as-
sumed to be bounded. The boundedness of the domain
is essential because of the usage of the boundedness
of the injection L”(Q) C L7(Q) when 1 < g < p (see
Todorova [17,18]). For (2) in R”, we mention the work
of Kafini and Messaoudi [19], Levine et al. [20], Mes-
saoudi [21], Sun and Wang [22], Tatar [23], Todorova
[17,18], and Zhou [24]. For example, Todorova [17]
studied the Cauchy problem

Uy — Au+ \ut\'”fzu, = \u|p72u, 3)
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(x,1) e R" x (0,00),  u(x,0) =up(x),
u (x,0) = uyp(x), xeR",
p<2n—1)/(n—2),ifn>2,

and showed that

e when m > p, (3) has a unique global solution,

e when 2 <m < p and m >np/(n+p+1), the
weak solution of (3) blows up in finite time for any
compactly supported initial data with negative initial
energy,

e when 2 <m < pand m <np/(n+p+1), the
weak solution of (3) blows up in finite time for any
compactly supported initial data with sufficiently neg-
ative initial energy and fpn uou;dx > 0.

Messaoudi [21] improved the above results by
using a different functional so that the condition
Jn uou1dx > 0 can be removed. Tatar [23] considered
the Cauchy problem with a nonlinear dissipation of cu-
bic convolution type and proved a finite-time blow-up
result for initial energy which may take positive values.
Recently, Kafini and Messaoudi [25] studied the cou-
pled system (1) but without damping terms. By defin-
ing the functional

F) =5 [ 0P+ bnPlv+ 580+07 @

and using the classical concavity method, they proved
that the solution blows up in finite time if the initial en-
ergy is negative. More recently, the same authors [19]
considered the following Cauchy problem with a linear
damping term (m = 2):

1
[ ale )5+ "2 = "

(1) € R x (0, 00),

u(x,0) =up(x), wu(x,0)=u;(x), xeR" Q)

Under suitable conditions on the initial data and the
condition
p—2

Joo
/0 g(s)ds < b3/

on the relaxation function, they proved a blow-up result
with vanishing initial energy.

Motivated by the above mentioned researches, we
intend to extend and improve the results in [19, 25] by
studying the problem (1) in this paper. We shall prove a
blow-up result for a larger class of initial energy which

(6)
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may take positive values. Moreover, our result do not
require [ ttgu1dx > 0 if the initial energy is nega-
tive. We note that the method used in [19] cannot be
applied to our problem since the damping terms are
contained. For our purpose, we combine the method
in [23] with the modified energy methods used in [4],
where the case of a bounded domain with Dirichlet
boundary condition was discussed. The lack of the in-
jection LP(R") C LY(R") shall be compensated by the
usage of the compact support technique.

This paper is organized as follows: In Section 2 we
shall make some assumptions, give the local existence
of solutions, and state the main results. In Section 3 we
will prove the main result.

2. Preliminaries

In this section we present some assumptions, give
the local existence of solutions, and state the main re-
sult. We use the standard Lebesgue space LP(R") and
the Sobolev space H'! (R") with their usual scalar prod-
uct and norms.

We first make the following assumptions:

(G1) g,h: Ry — R, are non-increasing differen-
tiable functions satisfying

1—/ g(s)ds=1>0, g(0)>0,

0

1—/mmwm=k>q 1(0) > 0.
0

(G2) There exists a function I(u,v) > 0 such that

ol dl
Ezfl(uvv)’ EZfZ(u’v)a

ufi (u,v) +vfo(u,v) = pl(u,v).

(G3) There exist positive constants Cp, C;, and
p > 2 such that

Co/ (|u\p+|v|p)dx§/ I(u,v) dx
R» R»

< [l o) .

(G4) There exists a constant d > 0 such that
A&, 9 <d(E" +1gIP), V(&,¢) R,
1A(8,9) <d(E® +1g1™), V(&,¢) R,

where y; > 1, (n—2)y,<n, i=1,2,3,4.



394

Remark 2.1 (Gl) is necessary to guarantee the hy-
perbolicity of the system (1). Condition (G4) is neces-
sary for the existence of a local solution to (1). As an
example of functions satisfying (G2)— (G4), we have

1
(u,v) = ~(2Juv|® + Ju+v|?),
P

p<2(n—-1)/(n=2)ifn>2.

We introduce the ‘modified’ energy functional as
in [25]:
1 1
E() 1= 3wl + 51w 3

+5 (1 — /Otg(s)ds) |Vul3

(1= 7
+5(1 /Oh(s)ds>||VvH2 )
+%(goVu)+%(hon)

— | I(u,v)dx,
Rn
where
(goVu)(r /gt—’c 1Vu(t) -V u(7)|3dt,
3
(hoWv)( /ht—r 17v(1) =V v(7) |3 dr.

We now state, without a proof, a local existence re-
sult, which can be established by combining the argu-
ments of [1], [17], and [26].

Theorem 2.2 Assume that (G1) and (G4) hold.
Then for initial data (uo, u1), (vo,v1) € H'(R") x
L*(R"), with compact support suppug U suppu; U
suppvo U suppv; C Bg(0), problem (1) has a unique
local solution

(u,v) €

(MI,V[) S

[c((0,7);H' (R")]?,
[C([0,7): L2 (R") NL™([0,T) x R")}?
for T small enough.

Our main result reads as follows:

Theorem 2.3 Let 2 <m, r < p, and p < 2(n—
1)/(n—2) if n > 2. Assume that (G1)—(G4) hold and
that

max { /0 " a(s)ds, /O +°°h(s)ds} <

p—2

=2+ O
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Assume further that E(0) < 0 or E(0) > 0 and
/ (uouy + vovy)dx > 0. Then for any 7 > 0 we
Rn

can find initial data (ug, u1), (vo,vi) € H'(R") x
L?>(R"), with compact support, such that the corre-
sponding solution for the problem (1) blows up in finite
timet* <T.

If we set u =v and m = r, we get

Corollary 24 Let2<m < p,and p <2(n—1)/
(n—2) if n > 2. Suppose that g satisfies (G1) and

/Oerg(s)ds <

Assume further that E(0) < 0 or E(0) > 0 and
/ uou1dx > 0. Then for any T > 0 we can find initial

p—2

P25 1/p 1o

data (ug, uy) € H'(R") x L>(R"), with compact sup-
port, such that the solution for the problem (5) blows
up in finite time t* < T.

Remark 2.5 We note here that the condition (10)
is slightly weaker than (6), i.e., the one made in
Kafini and Messaoudi [19], where the linear damping
case (m = 2) was studied. Moreover, our method to
deal with both the linear and nonlinear damping cases
(m > 2) allows a larger class of initial energy which
may take positive values.

Remark 2.6 Our discussion is applicable to the
problem studied in [25], i. e., the case without damping
terms. We note that a blow-up result was proved in [25]
for only negative initial energy.

In order to prove our main result, we need the fol-
lowing lemma:

Lemma 2.7 [21] Suppose that p <2(n—1)/(n—
2)if n>2,and 2 < o < p. Then there exists a positive
constant C depending only on n and p such that

lully < @ P27 (| Vull3+ ullf) (D

for any u € H' (R"), with suppu C Br(0), where p* =
2n/(n=2)(1/p*=0ifn=2).

3. Proof of Theorem 2.3

Assume by contradiction that the solution u is
global. Multiplying the equations in (1) by u; and v;, re-
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spectively, and integrating over R”, we obtain (see [4])

1
E'(1) == (llll+ wll;) +5(8 o7 w)

1

1
+5(H oV v) = 2g()]|Vul3

h()[|7v]3 <0.

N = N

Hence,
E(t) <E(0), forall r€[0,T].
We set
10)=~ [[EGas+(pr+0) [ (@030
(12)

where p and w are two positive constants to be chosen
later. A differentiation of J(¢) implies that

J(t)=—E@)+p | (u§(x)+v5(x))dx
R}l
(13)
>p [ (00 +3(0)dx—E(0).
This combined with the choice of p satisfying
Pl (ug (x) +v5(x)) dx — E(0) = J'(0) > 0,
imply that
J'(t) >J'(0) >0, forall r€[0,T].
Furthermore, we have
t
J(6)=J(0) = E(0) — E(1) = — / E'(s)ds
, 0 (14)
> [ G+ ).

‘We now define
t
K(t) ;:JI—Y(;)H// (utty + vvy)dxds, (15)
0 n

where € > 0 is small to be chosen later, and

p—2 p—m p—r
, , . (16
T T 9

0<}/§min{

By taking a derivative of (15), we have
K0 = (=070 (1) +e |

(L= )T (1) + e /R (ugtt1 +vov: )dx

n

!
—i—e// (u? 4+ v?)dxds
O R}l

1
+ 8/ / (uu” + VV[t)dde.
0 Jrn

(uu, + VVt)dJC =

n

(7)

Multiplying the equations in (1) by u and v, respec-
tively, and integrating over R” x (0,7), we have

/Ot/Rn(uun + vy )dxds = _/OI/R,,(|V“|2+|VV|2)dxds
4 [ i) v asds

¢
_// (‘u’|m_2“t”+|Vt|m_2VtV)dxds

0 JR?
+/0t/ /Osg(S_T)V”(T)‘V“(S)d‘Cdxds
+/Ot/n/0sh(s_r)vv(r)'VV(S)dede. (18)

Thank to Holder’s inequality and Young’s inequality,
we have

[ L[ sts=07u@) 7utsiaras
> [ [ st 2l 7uts)|azas
[ [ 56 = DTl u®) = 7 (s

> (152 ) [ ([ stone)I7ucs s

_C/OY(gOVu)(s)ds 19)
and
[ [ =70 7 syacasas
- (1 - %) /o (fosh@df) 17v(s) [3ds
-¢ /0 t(hOVv)(s)ds 20)

for some £ > 0 to be specified later. By using Young’s
inequality and (14), we have
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! 1 1 " 6

// (ot a4 e~ \v\)dxdsg—// \u|mdxds+—// Iv|" dxds

0 JR7

+max{m—_1g’"/<m l,r §r/r=1 }// (e ™ + i) dxds<£// |u|™dxds (21)

/ / |v|’dxds+max{ g""/(”’_l),r%fﬁ_’/(’_l)}(J’(t)—J’(O))

for all ¢, 6 > 0. Taking into account (18)—(21) in (17), we obtain

K02 (1= 00 (0) +e [ (o -+ vor)dr-ve | t [, @+ v)dds

—s/(: {1— (1—%) /Osg(r)dr} /Rn|Vu|2dxds
_8/01 {1 - (1—%) /sh(r)dr} / |Vv\2dxds+£/t/n [ifi (,v) + v fo (1, v)] dds 22)

—8— / \u|mdxds—£—/ / |v|rdxds—8max{ lg*m/(mfl)’ 261‘/(7’1)}1/0)

.
—_ _ t

+smax{m—1g-m/<m—1>, u(s—f/<f-1>}J'(0) - eC/ [(g0V )+ (hoVv)] (s)ds
m r 0

By taking ¢ and & so that ¢~—/("=1) = §=/0=1) = p1j=7(r), for large M to be specified later, and substituting
in (22) we arrive at

, m—1 r—1 _ , m—1 r—1 _ ,
K'(t) > |(1 —y) — emax{ ——, M| J7 V()] (t) + emax{ ——, MJY(1)J'(0)
m m

r r

+8/Rn(uou1+vov1)dx+8/0t/Rn(u;2+v,2)dxds—8/0[ [1 - (1 —%) /Osg(f)df] /Rn | Vuf2dxds
_8/0’{ <1__)/ h(z dr} /Rn|Vv\2dxds+£/01/w[uf1(u,v)+vf2(u,v)]dxds (23)

1-m 1—r

M 4 M
_e gy / u|"dxds — e —
m 0 Rn

J=D(7) /0 t [ Ilrdvds
—et [ (go7 W+ (ho?v)) (s)ds

From the definition of J(¢) and (7), we have

Y(m—1) y(m—1)
JY= (1) < 2vm=1)= [(/ I(u v)dxds> +(pT 4 )71 </ (u§+v§)dx) ] .
R” R”

Thank to Holder’s inequality and the finite speed propagation, we have

t m/p R+ T)p=m)/pT(p—m)/p t m/p
/ |”‘mdxds<C/ (R+T)"7" '")/"< IM”dX> as< CETD) </ 1(u,v)dxds> .
R” R C(,)n/p o S
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Therefore, we get

27(m—1)—1c(R + T)"(P—m)/PT(P—m)/P

C(’)”/P

t Y(m—1)+% Y(m—1) 1 m/p
: < / I, v)dxds) 4 (pT + )7 ( / W+ vg)dx> ( / 1(u,v)dxds> 24)
0 JRn Rn 0 JR~
Yom-1)-1 (p—m)p(p—m)/
L2 C(R+T)"P=m/p(p=m)/p

Y(m—1) !
1+ (pT + @)7m=D /(u3+v3)dx 1+// I(u,v)dxds
C(’)”/P R~ 0 n

since y(m — 1) +m/p < 1. Similarly, we have

t
J=0 () / lu|"dxds <
0 R}l

t y(r—1)—1 n(p=r)/pp(p—1)/p
JV(”I)(t)// Iv[rdxds < 2 CR+T) r
0 n C(r)/p

[1+@T+wW“”<AJ%+WQM)W11<Lh£A;KWWMm>

Inserting (24) and (25) in (23) and choosing

(25)

e< -7
= (LM
we find

t ! s
K'(t) > 8/ (uouy +vov1)dx+8/ / (u,2+v,2)dxds—£/ [1 — (1 — L)/ g(r)dr} / | Vu|*dxds
Rr 0 JRre 0 4¢ ) Jo Rr

—s/(: {1— (1—%) /Osh(r)dr} /R |Vvdxds + epC; /OI/RH(|u\P+|v|P)dxds

t
—eCimax {1\ (T) M Qa(T)} [ [ (Jul?+ |vp)dxds — emax (M Q1 (7). M' " 0a(T)}

—ecﬂ%@oVur+movwxwm,

where
2¥(m=1)=1c(R 4 T)1(p—m)/p (p—m)/p - Y(m=1)
0\(T) = T 1 proy ([ addar) |,
mCq
2(r=D=1c(R 4 ) p=n)/pT(P=7)/P 3 nr=1)
0:(T) = e 1T ([ ).
o

From (12) and (7), we may also write

K’(t)2s/Rn(uoul+vov1)dx+£/0t/Rn(u,2—i—v,z)dxds—s/ot {1— (1—%) /Osg(r)dr} /Rn\Vu|2dxds

_g/OI {1— (1—%) /Osh(r)dr} /Ran\zdxds—i—SpCl /(:/Rn(|u\p+|v|p)dxds
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—eCymax {M'"Q\(T),M" " Qx(T }/t/ (|u]? + |v|P)dxds — emax {M' " Q(T),M"' " 0:(T)}
—SC/ (goVu)+ (hoVv)](s)ds+EJ(r) 5// uvdxds—i—é// (u? +v?)dxds

_/ < —/g dr)/ |Vu|2dxds—|—§/0 < —/Ohrdr>/Rn|Vv2dxds

a;/ +(hoV V)] é(pT—l-a))/Rn(u%—kv%)dx,

where € is a positive constant to be determined later. That is

0> EI() ( —|—s)// (u? +v?)dxds
+€eCy |:(p max {M'"Q(T),M"~ ——]// (|u|? + [v|P)dxds
/0 {—( —/g ) { <1——>/g dr”/ | Vu|*dxds
wo [ (1= [ oe) == (15 [ o] | 7P
ve (o =t) [teoTu (o7~ T+ @) [ -+ rdar
+£/n(u0u1 +vovi)dx — emax {M'"Q, (T),M'"Qx(T)} .
Choosing { = £ and & satisfies 2¢ < & < pe, we get that

2262 [ [+
+ec1{<p_§) ~ max (M0, (T T)}} [ [ e+ iryasas

ALIE (o8 oo e
[ [(5) (bro) (fre) ms
(

+e [/Rn(uoul +vov1)dx —E(pT + ) [, (0 2 +13)dx — max {Ml’"Ql(T),erQz(T)}] )
At this point we choose u, 11, and & such that

/Rn(uou] +vovi)dx — &(pT + w)/n(u(z)+v(2))dx> 0, 27)

(51) - (- 1eag) () =0 ana (5-1) = (5155 ([ neoe) =0
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This is, of course, possible by (9). Then we pick M large enough so that

<p - %) — max {Ml_le (T),Ml_er(T)} >0
and

/Rn(uoul Fvovi)dx— E(pT + ) /Rn(u(z) +3)dx — max {M'"Qy (T), M7 Qy(T)} > 0.
Therefore (26) takes the form

K'(1) > ee { +/ / (Jul? + |?) dxds—i—/ / W22 dxds+/ / (IVul>+| V] )dxds} (28)
for some constant €’ > 0. Consequently, we have

1-y
K(t) > K(0) = (w/Rn(u%qué)dx) >0 forall ¢t €[0,T].

Next we estimate

(uuty + vvy )dxds

L) () () (o) e
< C(RJFT)n(p—z)/zp/Ot [( g |Mpdx>1/p </R ufdx>1/2+ </R |v|de)1/p </R v?dx>1/2‘| N

which implies

1/(1=y)
(uuy + vvy)dxds

' u/lp(1=7)]
< C(R+T)'TWP2/P [(/ u|deds)
Rn

(Lo o) ) )

for 1/u+1/06 =1, where v=n(p—2)/[2p(1—17)]. We take 6 =2(1 —y), to get u/(1—7y) =2/(1 —=27) :=
A < p. Therefore, by Lemma 2.7, (29) becomes

1/(1-y)
<

(29)

(uuy + vvy)dxds

0
‘ ‘ Alp : Alp
C(R+T)'TP=2/P // (u,2+v,2)dxds+(// u|deds) +(// v”dxds)
0 JRn 0 JR" 0 JR?

t .t
C(R+T)'TP2/P UO/R(uf+v,2)dxds+c'(R+T)2/P—2/P/O/R(Vu%rVv2+u|P+|v|P)dxds]

< (30)

for some constant C’' > 0. Finally, it is clear that

(uuy + vvy)dxds

n

1/(1=7)
KV <200 gy +€V/0 ) 31
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A combination of (28), (30), and (31) then yields

K'(t)>TrKY00(@), 1<T,

for some constant 6 > 0. A direct integration over (0,1)
gives

1
KY =Y () >
O 2 e == G2
Vi <T.

Therefore (32) shows that for @ (introduced in (12))
large enough K (¢) blows up in a time
* S 1— Y , S

Iy(o fge(u3+v3)dx)
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